A µ-way (v, k, t) trade T = {T 1 , T 2 , ..., T µ } of volume m consists of µ disjoint collections T 1 , T 2 , ..., T µ , each of m blocks of size k, such that for every t-subset of v-set V the number of blocks containing this t-subset is the same in each
Introduction and preliminary results
Let V be a set of v elements and k and t be two positive integers such that t < k < v. A (v, k, t) trade T = {T 1 , T 2 } of volume m consists of two disjoint collections T 1 and T 2 , each of containing m, k-subsets of V , called blocks, such that every t-subset of V is contained in the same number of blocks in T 1 and T 2 . A (v, k, t) trade is called (v, k, t) Steiner trade if any t-subset of V occurs in at most once in T 1 (T 2 ). In a (v, k, t) trade, both collections of blocks must cover the same set of elements. This set of elements is called the foundation of the trade and is denoted by found(T ).
The concept of µ-way (v, k, t) trade, was defined recently in [6] . Definition: A µ-way (v, k, t) trade T = {T 1 , T 2 , ..., T µ } of volume m consists of µ disjoint collections T 1 , T 2 , ..., T µ , each of m blocks of size k, such that for every t-subset of v-set V the number of blocks containing this t-subset is the same in each T i (for 1 ≤ i ≤ µ). In other words any pair of collections {T i , T j }, 1 ≤ i < j ≤ µ is a (v, k, t) trade of volume
Email addresses: h.amjadi@alzahra.ac.ir (H. Amjadi), soltan@alzahra.ac.ir (N. Soltankhah) * Corresponding author m. It is clear by the definition that a trade is a 2-way trade. A µ-way (v, k, t) trade is called µ-way (v, k, t) Steiner trade if any t-subset of found(T ) occurs at most once in T 1 (T j , j ≥ 2). A µ-way (v, k, t) trade is called d-homogeneous if each element of V occurs in precisely d blocks of T 1 (T j , j ≥ 2). Let x ∈ found(T ), the number of blocks in T i (for 1 ≤ i ≤ µ) which contains x is denoted by r x . The set of blocks in T i (for 1 ≤ i ≤ µ) which contains x is denoted by T ix (for 1 ≤ i ≤ µ). It is easy to see that T x = {T 1x , ..., T µx } is a µ-way (v, k, t − 1) trade of volume r x . If we remove x from the blocks of T x , then the result will be a µ-way (v − 1, k − 1, t − 1) trade which is called the derived trade of T . Also it is easy to show that if T is a Steiner trade then its derived trade is also a Steiner trade. A trade Generally we can ask the following question. In this paper, we aim to construct 3-way d-homogeneous (v, 3, 2) Steiner trades. The Latin trades are a useful tool for building these trades when v ≡ 0 (mod 3), so we use some obtained results on 3-way d-homogeneous Latin trades.
A Latin square of order n is an n × n array L = (ℓ ij ) usually on the set N = {1, 2, ..., n} where each element of N appears exactly once in each row and exactly once in each column. We can represent each Latin square as a subset of N × N × N , L = {(i, j; k)| element k is located in position (i, j)}. A partial Latin square of order n is an n × n array P = (p ij ) of elements from the set N where each element of N appears at most once in each row and at most once in each column. The set S P = {(i, j)| (i, j; k) ∈ P } of the partial Latin square P is called the shape of P and |S P | is called the volume of P .
.., L µ containing exactly the same s filled cells, such that if cell (i, j) is filled, it contains a different entry in each of the µ partial Latin squares, and such that row i in each of the µ partial Latin squares contains, set-wise, the same symbols and column j, likewise. Adams et al. [1] studied µ-way Latin trades. A µ-way Latin trade which is obtained from another one by deleting its empty rows and empty columns, is called a µ-way d-homogeneous Latin trade (for µ ≤ d) or briefly a (µ, d, m) Latin trade, if it has m rows and in each row and each column L r for 1 ≤ r ≤ µ, contains exactly d elements, and each element appears in L r exactly d times. Bagheri et al. [2] , studied the µ-way d-homogeneous Latin trades and their main result is as follows: All 3-way (v, 3, 2) Steiner trades are characterized in [6] . The authors proved that there is no 3-way (v, 3, 2) Steiner trade of volumes 1, 2, 3, 4, 5 and 7. Also they showed that the 3-way (v, 3, 2) Steiner trade of volume 6 is unique (where the number of occurrences of each element is not the same). So the following proposition is clear. Proof.
Steiner trade of volume m 2 . It is enough to relabel the elements of found(T ′ ), such that found(T )∩ found(
The following lemma which is similar to Lemma 2 of [4] , shows how to construct a 3-way d-homogeneous (3m, 3, 2) Steiner trade, by using 3-way d-homogeneous Latin trade of order m.
The following theorem is a consequence of Theorem A and Lemma 2. Proof. In [5] , it is shown that there exist 3 disjoint ST S(v) for every v ≡ 1, 3 (mod 6), v = 7. It is obvious that the 3-way trade T = {T 1 , T 2 , T 3 }, where T 1 , T 2 and T 3 are the disjoint ST S(v)s, is the desired trade. So the proof is obvious by Lemma 1.
The last two lemmas and Lemma 1 yields the following theorem. Proof. Let T = (T 1 , T 2 , T 3 ) be a 3-way (v, 2, 1) Steiner trade of volume 3. Since T is a Steiner trade, |found(T )| = 6 and let found(T ) = {1, 2, ..., 6}. Without loss of generality we can assume that T 1 = {12, 34, 56} and T 2 = {13, 26, 45}. Now if we consider the blocks of the trade as edges in as 6 vertex graph and color the edges of each trade with a different color, then the first two trades form an alternating colored 6-cycle. Up to isomorphism, there are only two different one factors in K 6 to complete this graph to a 3-regular graph. So all trademates put together either form a bipartite or a non-bipartite 3-regular graph. So T = (T 1 , T 2 , T 3 ) up to isomorphism, should be as one of the following trades: Proof. Let T = {T 1 , T 2 , T 3 } be a 3-way 3-homogeneous (v, 3, 2) Steiner trade of volume v with found(T ) = {1, 2, ..., v}. Let x ∈ found(T ), then T x = {T 1x , T 2x , T 3x } is a (v, 3, 1) trade of volume r x = 3. Without loss of generality we can assume that found(T x ) = {x, 1, 2, ..., 6}. According to Lemma 5 there exist only two cases for T x .
T 1x T 2x T 3x x12 x13 x14 x34 x26 x25 x56 x45 x36 T 1x T 2x T 3x x12 x13 x15 x34 x26 x24 x56 x45 x36 Let T contains T x which is as the first form. Since T = {T 1 , T 2 , T 3 } is a 3-homogeneous trade, each of T 1 , T 2 and T 3 should contain two other blocks containing element 1. According to definition of Steiner trades, T 1 cannot contain block 134 (since it has block x34). So there exist three possible cases:
1. Only one of T 2 and T 3 contains block 123 or 124:
Let T 2 contains block 123 (If T 3 contains block 124, then the same result will be achieved).
T 1 x12 x34 x56 13a 14b T 2 x14 x25 x36 123 1ab T 3 x13 x26 x45 12b 14a
There are four possible cases for elements a and b:
The other blocks which contain 4 should be as follows. The pair 3b exists in T 3 and does not exist in T 2 , it is a contradiction with definition of trade.
T 1 x12 x34 x56 13a 14b 45a T 2 x14 x25 x36 123 1ab 45b 4a3 T 3 x13 x26 x45 12b 14a 43b
1.2. a = 6 and b = 5
The other blocks of T 1 and T 2 which contain 6 should be as follows. It is a contradiction with definition of trade. T 1 x12 x34 x56 13a 145 52a 236 46a T 2 x14 x25 x36 123 15a 546 26a 34a T 3 x13 x26 x45 125 14a 56a 23a 364
Only one of the remaining blocks of T 2 can contain 6, but we should have 62, 64, 65 is T 2 which is impossible.
T 1 x12 x34 x56 136 14b T 2 x14 x25 x36 123 16b T 3 x13 x26 x45 12b 146 2. T 2 and T 3 contain block 123 and 124, respectively:
The other blocks of T 2 and T 3 which contain 1 should be as follows. It is a contradiction with definition of trade.
T 1 x12 x34 x56 13a 14b T 2 x14 x25 x36 123 1ab T 3 x13 x26 x45 124 1ab 3. T 2 and T 3 do not contain the blocks 123 and 124:
T 1 x12 x34 x56 13a 14b T 2 x14 x25 x36 13b 12a T 3 x13 x26 x45 14a 12b
A 3-way 3-homogeneous (9, 3, 2) is achieved.
T 1 x12 x34 x56 13a 14b 36b 45a 62a 52b T 2 x14 x25 x36 13b 12a 34a 45b 65a 62b T 3 x13 x26 x45 14a 12b 34b 3a6 65b 52a
3.2. a = 6 and b = 5
The other blocks of T 1 , T 2 and T 3 which contain 6 should be as follows. So the other blocks of T 2 and T 3 which contain 4 should be 423. It is a contradiction with definition of trade. The other blocks which contain 6 should be as follows. There is a block in T 2 which contain 45. 4 appears three times in T 1 but the pair 45 does not appear in blocks of T 1 . It is a contradiction with definition of trade.
T 1 x12 x34 x56 136 14b 624 T 2 x14 x25 x36 13b 126 645 T 3 x13 x26 x45 146 12b 635
For the other case, the same result can be obtained by a similar argument. So it can be deduced that if there exists a 3-way 3-homogeneous (v, 3, 2) Steiner trade of volume v (for v ≥ 8), then it contains a 3-way 3-homogeneous (8, 3, 2) or (9, 3, 2) Steiner trade of volume 8 or 9, respectively.
The following corollary is the direct result of Theorem 4. In this section we answer Question 1 when µ = 3 and d = 4, 5 and 6.
d = 4
In this subsection we completely answer Question 1 for d = 4. Note that since d = 4 by Remark 1, v should be a multiple of 3. 
